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o: 

(N- We show that there are no vacuum black holes horizons S over asymptotically flat 

O f maximal axisymmetric data sets saturating the universal inequality A(S) > 8n\ J(S)\, 

<D • where A(S) and J(S) are the area and angular momentum of S respectively. As 

equality is known to be reached (on globally different data sets) when and only when 
' the intrinsic and extrinsic geometry of S is that of an extreme Kerr-throat sphere 

<n: which has zero surface gravity or "temperature", our statement could be rephrased 

following this heuristic, as the non-existence of black holes of zero temperature (and 
O ■ topological origin) over asymptotically flat maximal slices in a vacuum space-time. We 

also show the rigidity of the extreme Kerr-throat data, which allows us to investigate 
$— i ■ the phenomenon of formation of extreme Kerr-throats along sequences of data sets. 

We prove our results for data sets in the smooth category, a hypothesis that is not 
entirely a technicality. 
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^ ! 1 Introduction. 

The Penrose singularity theorem ([10], Ch. 9.5) states that, if a trapped surface exists 
Q\ ■ on a non-compact and complete Cauchy surface S, to be concrete in a vacuum space- 

time with asymptotically flat ends, then the space-time is null geodesically incomplete. 
The conclusion, which is believed to be an unequivocal signature for the emergence of 
black holes, is one of the few general results linking data sets and dynamical black hole 
formation. Let us concentrate for the moment in vacuum, maximal, asymptotically flat 
and axisymmetric data sets and suppose that the trapped surface is isotopic to a sphere 
at infinity over an asymptotically flat end as we depict in Figure El Then the boundary of 
the trapped region [3] is known to be a stable marginally outer trapped surface (MOTS), 
called an apparent horizon, which in turn can be interpreted as a quasilocalization of the 
event horizon. On the other hand, it was shown in [6] that for data sets of this type, any 
orientable surface S satisfies the universal inequality 

(1) A(S) > 8n\J(S)\ 
where A(S) is the area of S and J(S) its Komar angular momentum, 

(2) J(S) := i- J m,,)dA 
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In this expression £ is the rotational Killing field, K is the second fundamental form of 
the data set and ? is a unit normal to S (unique up to a sign) . In particular the inequality 
(flj) holds for the apparent horizon and because the angular momentum depends only 
on the homology class [S] of S (^7 a (K a b£ y b ) = 0) it is concluded that the area of the 
apparent horizon is always greater or equal than 8n times the angular momentum of 
the respective asymptotically flat end. Still, the inequality ([1} is valid for axisymmetric 
stable minimal surfaces over axisymmetric maximal data sets regardless of any global 
information like completitud or asymptotic flatness [6] . Moreover it is proved that for 
stable minimal surfaces on maximal data sets, the equality is achieved when and only when 
the extrinsic and intrinsic geometry of S (inside the space-time) is that of an extreme Kerr- 
throat sphere, which, as defined in [B] is the geometry of a sphere at "infinity" on the 
asymptotically cylindrical end of an extreme Kerr solution. This article partly investigates 
which type of maximal data sets accept embedded surfaces saturating the inequality ([TJ . 
As we will see the quest has deep theoretical implications. Before we continue and because 
it is relevant and central for the rest of the article and to give a level of accuracy to the 
present discussion, let us introduce the geometry of extreme Kerr-throats and extreme 
Kerr-throat spheres in detail. We resume the discussion immediately thereafter. 
Consider the family of Kerr-solutions in the Boyer-Lindquist coordinates 

/A-a 2 sin 2 0\ - a sin 2 9(r 2 + a 2 - A) , , N 

(3) g = - ^ dt 2 -(dtdip + dipdt) 



S 

(r 2 +a 2 ) 2 - Aa 2 sm 2 9\ , „ , , E l9 

^ sin 2 9 dtp 2 + — dr 2 + Y. d9 2 , 
A 

where E = r 2 + a 2 cos 2 9, A = r 2 + a 2 — 2mr and a — J/m with to the mass. The Kerr 
black holes correspond to the range of parameters m 2 > \J\. The extreme Kerr-solutions 
corresponds to the case of equality, namely when m 2 = \ J\ (or a 2 — to 2 ). Note that in 
this case A = (r — m) 2 , r > m. The extreme Kerr solutions have one asymptotically flat 
end (when r f oo) and one cylindrical end (when r J. to). All this is represented in Figure 
m The asymptotic cylinder has a well defined smooth data (S 2 x R, g?, Kt), indexed here 
by T from "Throat" and called the extreme kerr-throat of angular momentum \J\ (or of 
mass to = J\). It is given explicitly by 



4|J|sin : 



2 , 
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(4) 9T = ~r — z-zdtpr + I J|(l + cos 9)d9 2 + | J\{1 + cos 2 9)df 

1 + cos^ a 

(5) K T = 2 y^ S "\ 6 3 (d(fidf + dPdip) 

(1 + cos 9) 2 

The vector field df is a Killing field and \df\ 2 — \ J\(l + cos 2 9). Therefore df — qt? 
where ar '■= yJ\J\{\ + cos 2 9) and c is a unit field normal to the spheres of constant f. 
The function cut, which depends on the parametric factor \/|J|, will play a fundamental 
role later on. The spheres of constant f are called the extreme Kerr-throat spheres of 
area A — 87r| J\ (or of mass to = ^A/8tt). They are totally geodesic, i.e. the second 
fundamental form is zero, and in particular minimal. Moreover they are stable minimal 
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surfaces and the second variation of the area is zero when and only when it is in a 
direction proportional to df = arS (i.e. df up to a factor). If we denote, as we will 
do later, with subindex A,B,... the coordinates {9, ip} and with . . . the coordinates 
{f, 9, ip} then the data {gT,AB, ®t,ab — 0, KxAj} will be called the intrinsic and extrinsic 
geometry of the extreme Kerr-throat sphere (of the given area). Note that the data of 
the extreme Kerr-throats (resp. extreme Kerr-throat spheres) are parametrized by their 
angular momentum |J| (resp. area A) which plays the role of a global scale parameter. 



Kerr. 

Last slice 
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BHH: black hole horizon. 
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Figure 1 

Continuing with the discussion we observe from the universal inequality ([lj that if an 
apparent horizon saturates the inequality ([1}, then, because J(S) depends only on the 
homology class [S] of S, it has to be a stable minimal surface. As said, there is uniqueness 
of such surfaces in the sense that in areal coordinates (see Section 12.31) the intrinsic and 
extrinsic geometry of S is that of an extreme Kerr-throat sphere of area A(S) — 8tt\J(S)\. 
In this sense black hole horizons saturating the inequality ([1]) are unique. There is a 
worth mentioning interpretation for this type of black holes in terms of the well known 
thcrmodynamical heuristic from which we will borrow the terminology " 'zero temperature 
black hole" . To explain, restrict attention to the family of Kerr solutions as seen over the 
maximal axisymmetric slice {t = 0} in the Boyer-Lindquist coordinates. Non extremal 
Kerr solutions have positive temperature, given by 



(6) 



l-(^) 2 



f— + 



i6ttj 2 a 



and a "localized" horizon, while the extremal solution has zero temperature and "non- 
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localized" horizon, or, to phrase, an asymptotic horizon at the "end" of the cylindrical end. 
If for non-stationary or dynamical black holes, the temperature of the horizon is defined 
tentatively through (|6]) then, according to the mentioned uniqueness, zero temperature 
black hole horizons would have a unique intrinsic and extrinsic geometry, given by an 
extreme Kerr-throat sphere of a particular area. In this sense at least, zero temperature 
black hole horizons, of a given area, are unequivocally defined. We will keep using the 
terminology. 

In the context of the discussion above, it is thus pertinent to ask whether zero tem- 
perature black hole horizons can arise on general axisymmetric and asymptotically flat 
maximal vacuum data sets or if on the contrary they can not, but could arise, as in the 
extreme Kerr solutions, only as asymptotic horizons on cylindrical ends. The present 
article investigates such situation and further related topics. Our main result in Theorem 
[T] shows that no black hole horizons of zero temperature exist, indeed no surface exists 
saturating (flj, on axisymmetric and asymptotically flat, maximal vacuum data sets. 

Theorem 1 Let (S;g,K) be a smooth vacuum axisymmetric maximal data set with pos- 
sibly many asymptotically flat ends E±,..., E n . Let S be any compact oriented surface. 
Then 

(7) A(S) > 8tt\J(S)\ 

where A(S) is the area of S and J(S) its angular momentum. 

A representation of the type of data considered in the hypothesis of Theorem Q] is given 
in Figure [2j An immediate corollary is 

Corollary 1 (Non-existence of zero-temperature black hole horizons) There are no black 
hole apparent horizons, over smooth maximal axisymmetric and asymptotically flat vac- 
uum data sets, of zero temperature. 

We will also prove a rigidity of extreme Kerr-throats, whose proof will follow basically 
the same lines as in Theorem [T] 

Theorem 2 (Rigidity of extreme Kerr-throats) Let (Y,;g,K) be an homogeneously regu- 
lar smooth axisymmetric maximal vacuum data set where S is diffeomorphic to S 2 x R. 
Suppose that for any sphere S isotopic to the factor S 2 we have A(S) > 8ir\ J\ where 
J = J{S) = J{[S 2 ]), and suppose that there is at least one sphere Sh isotopic to the 
factor S 2 with A(Sh) = 87r| J|. Then (Y>;g,K) is the extreme Kerr-throat data set 
of angular momentum \ J\ and Sh the extreme Kerr-throat sphere of area A(Sh) — 8ff\J\. 

Theorem [5] is a remarkable manifestation, like in the positive mass theorem, of the non- 
linearity of the constraint equations. The notion of homogeneously regular manifold which 
is explained in Section 12.41 essentially says that the metric is controlled in C 2 (on certain 
coordinates) on every metric ball of a uniform radius. We do not know at the moment 
if this condition can be removed and if only completitude of the data set is enough (it 
would be nice to answer this question). It seems however feasible to prove an optimal 
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Figure 2: Two possible configurations of topological black holes with the horizons marked with a 
S. On the left there is only one asymptotically fiat end E\, while on the right there are two, Ei 
and E%. Described are also large convex spheres on every asymptotically flat end. The horizon on 
the left has zero angular momentum because it encloses a compact boundary. The other surface 
shown on the left as well as the horizon shown on the right can have a priori non-zero angular 
momentum. 

version of Theorem [5] prescinding of the topological condition £ ss S 2 x R. An interesting 
consequence of Theorem [2] is the following corollary on the formation of Kerr-throats. 

Corollary 2 (Formation of extreme Kerr-throats) Let {(£; gi, Ki)} be a sequence of 
smooth maximal vacuum axisymmetric and asymptotically flat initial data sets and let 
{Si} be a sequence of spheres (Si C Ejj. Suppose that the sequence of data sets con- 
verges smoothly (and in the pointed sense) into a homogeneously regular maximal data set 
(Eooj gac, -ftToo) and that the sequence of spheres converges into an sphere Soo C £oo- //£oo 
is dijfeomorphic to S 2 x K and A(Soo) = 87r|J(iSoo)|, then the limit data (Soo; goo, Koo) * s 
the extreme Kerr-throat of angular momentum \J(Soo)\ and S^ is an extreme Kerr-throat 
sphere of area A{S OQ ). 

Roughly speaking, under basic assumptions, a sequence of asymptotically flat, maximal 
axisymmetric data {(Si; gi, Ki)} and sequence of embedded spheres {Si} can asymptot- 
ically saturate the universal inequality (|TJ) only at the expense of the formation of an 
extreme Kerr-throat. More heuristically: extreme Kerr-throats form as the "temperature 
decreases to zero" . A graphic realization of the phenomenon is given in Figure [3] 

It is interesting to see Theorem [T] and Corollary [2] at work in the Kerr family of black 
holes. For the discussion that follows it is worth to keep in mind the Penrose diagram 
in Figure Q] of the maximal globally hyperbolic extension of the Kerr black holes for 
< J 2 < rn 4 . To facilitate the discussion we will take m = 1, therefore < a — J 2 < 1. 
The maximally globally hyperbolic space-time is represented in the Penrose diagram in 
four sectors. The quadrant on the right corresponds to the metric (j3|) for the range of 
coordinates 

{-oo < t < oo, 1 + (1 - a 2 )5 < r < oo, < 6 <tt, < tp < 2tt} 
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Figure 3: The phenomenon of the formation of extreme Kerr-throats along sequence of data sets. 
The inequality ([TJ is saturated asymptotically along the spheres {Si}. 

and the upper quadrant corresponds to the range of coordinates 

{-00 < t < oo, 1 - (1 - a 2 )2 < r < 1 + (1 - a 2 )i , < 6 < tt, < ip < 2n} 

Note that in this case dt is space-like while d r is time-like. One can check directly Theorem 
[T]for the {t = 0} maximal slice which has the black hole horizon located at{r = l + (l — 
o 2 ) i } . The area is 

A= (l + (l-a 2 )5)87r 

which is always greater than 8ir and converges to 8w as a j' 1. A more interesting phe- 
nomenon occurs when we see Corollary [5] in the light of the maximal slices given by the 
evolution in the maximal gauge of the initial slice. The maximal foliation penetrates in- 
side the black hole region (the upper quadrant) and approaches in the longtime limit to 
a maximal slice, "the last slice" , lying entirely inside the black hole regioru (See Figure 
[l}. One observes now that the area of the spheres of constant r along the hypersurface 
{t = 1 + (1 — a 2 )^} in the upper quadrant, evolve from (1 + (1 — a 2 )5)87r to (1 — (1— a 2 )^)87t. 
The area of the sphere formed by the intersection of the "last slice" and {t = 1 + (1 — a 2 ) 5 } 
thus approaches to 8tt as a t 1. According to Corollary [5] the "last slice" must approach 
the Kerr-throat as a f 1. This can be seen explicitly by studying carefully the metric (O 
as a f I- What occurs is a remarkable phenomenon. As a 1 1 the metric ([3]) in the upper 

1 We do not know an explicit expression for the last slice. 
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quadrant of the Penrose diagram converges into the following metric 



(8) g = - (1 + cos 2 8)dP + (1 + cos 2 9)((t&nt)fdt + df) 

' 4sin ^ -{fdt^^f + {I + cos 2 9) 2 d9 2 



(1 + cos 2 9) 

where we have barred the space-time coordinates to emphasize that they are not the same 
as the coordinates {t, r, 9, tp} which indeed degenerate as a f 1. This metric is a metric 
solitoi^ in the sense that, as seen as a flow (<?, K; N, X)(t) over S 2 xl with coordinates 
{f , 9, tp}, we have 

g(t) = 9t, 

K(t) = K T + (1 + cos 2 6)i (tant)df 2 , 
N(t) = (I + cos 2 9)^, 
X(t) — f(ta.nPjdf — fd(p 

where, as it is apparent, the metric g does not evolve and remains equal to the three- 
metric gx of the Kerr-throat given by (U). The only slice {i = const.} with zero mean 
curvature is {i = 0} and is the limit of the "last slices" as o t h As tan(t = 0) = we 
conclude from the expression above that the data (g, K) over the slice {i = 0} is exactly 
the Kerr-throat. Note that t E (— w/2,tt/2). The metric (JSJ is globally hyperbolic and 
partly coincides with the so called near horizon geometry (see [2], Eq. (2.5)) that has 
been extensively studied in the literature and is not globally hyperbolic. The spacetimc 
described by the metric ([S]) has the remarkable property that is foliated by marginally 
trapped spheres saturating (fT]). In a certain sense the whole solution is a horizon. 
To obtain the expression © make the change of variables {t, r, 9, ip} — > {i, f, 9, Cp} 

a(— A)s _ 1 — r ^ a 

t = — - — -t, r = arcsm — -, 9 = 9, ip = tp - — — -t 

r z + a z (1 — a 2 ) 2 r z + a z 

in the expression ([3]) and take the limit as a ^ 1. 

We give now a glimpse of the basic idea behind the proof of Theorem [T] The idea is 
indeed rather simple. Suppose by contradiction that there is a surface S — Sh, under 
the hypothesis of Theorem [I] saturating (TTJ). To be concrete we can think that Sh is an 
apparent horizon as discussed before. Then, as discussed before Sh has to be an extreme 
Kerr-throat sphere. Moreover as is proved in Proposition^ unless the maximal lapse N m 
(the solution of the Lapse equation (fT5|) asymptotically one) is proportional to ar over 
Sh , then the area of the surface Sh strictly decreases along the evolution in the maximal 
gauge with zero shift. As J(Sh) is preserved, then the universal inequality (fTJ, which is 



2 This terminology is ours. 

3 As shown in Section 12.31 given any axisymmetric sphere S there are always areal-coordinates {9, ip} 
which are unique up to the addition of a constant on ip. This implies that any continuous function 
/ : [0, 7r] — ¥ R can be thought as a continuous function f(8) on S in a unique way. 
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valid for asymptotically flat data sets, would be violated in short times. Unfortunately 
this argument is based on the assumption that N m is not proportional to cut over Sa- 
lt takes some technical work (and a large part of this article) to provide a proof in the 
spirit described but not relying on this singular assumption. The proof of Theorem [2] is 
also based on this simple idea. We will be explaining more along the article. 

It is rather remarkable that the non-existence of data sets with zero-temperature 
black hole horizons, ultimately a data set with certain properties, is ruled out using 
the dynamical Einstein equations. In this article we work in the smooth (C°°) class 
of initial data and, at least in the approach of this article, its necessity is evident for 
instance in the use of the unique continuation principle [3] for elliptic equations recalled 
in Proposition 01 In the smooth class then, the dynamical equations (known to be well 
posed) give global information on data sets. However for low regularity, there is a chance 
to reverse the implications. Namely, to obtain information on the "minimal" regularity 
for which the dynamical equations in a particular gauge are well posed. This, a bit 
unlikely circumstance, is well illustrated in the following scenario. Suppose there exists a 
smooth maximal axisymmetric initial data (E; g, K), E S 2 x [0, oo), and with boundary 
an extreme Kerr-throat sphere. Then regardless of the curvature at the boundary, the 
doubling of (E; g, K) through its boundary, would be a data set in H 2 x H 1 . Now, if such 
a state exists then one could follow the same type of arguments leading to the proof of 
Theorem [1] to conclude that either, 

1. The axisymmetric Einstein equations in the maximal gauge are not- well posed in 
H 2 x H 1 , or, 

2. The inequality (p} does not hold on some asymptotically flat maximal data sets with 
H 2 x H 1 regularity. 

Motivated by these elaborations we state the following problem. 

Problem 1 Prove (or disprove) that there are no smooth maximal axisymmetric and 
asymptotically flat data sets (E; g, k) with E diffeomorphic to S 2 x [0, oo) and <9E an 
extreme Kerr-throat sphere. 

Note that by proving Problem [1] one would prove that there are no zero-temperature 
maximal axisymmetric black holes enclosing a material body, namely when the matter is 
strictly inside the black hole. We note finally that one can find maximal axisymmetric 
space-like sections E (with boundary) of the extended extreme Kerr solution diffeomoprhic 
to S 2 x [0, 1] where S 2 x {0} lies over the horizon, and therefore saturates the inequality 
([T]), and where S 2 x {1} is a large convex sphere. However the induced state (E;g,K) 
cannot be embedded into an axisymmetric and asymptotically flat maximal state and 
moreover the sphere S 2 x {0} is not totally geodesic in E. 

The article is organized as follows. In Section [2] we recall the very basic notions and 
definitions required to read the article. Section |3] contains the proof of Theorems Q] and [2] 
In the Appendix we prove some propositions used in the proofs of the main results whose 
contents are a bit apart from the mainstream of the article. 
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2 Basic notions. 



In this section we introduce the basic notions that we will use during the article. First 
we recall the Einstein vacuum equations from the dynamical point of view. This point 
of view is the appropriate one to analyze initial data as we will do in Theorems [T] and [2] 
Then we recall the second variation formula for minimal surfaces on three manifolds and 
the form that they acquire when the metric is the metric of an initial data for vacuum 
solutions. After that we introduce areal coordinates on axisymmetric spheres and other 
coordinates which play a crucial role in certain formulae. Finally we discuss basic but 
important properties of stable surfaces in axisymmetric three manifolds whose proofs are 
given in the Appendix. The presentation is somehow general and could be of use in further 
research. 

2.1 The vacuum Einstein equations. 

Let S be a fixed smooth manifold (say covered by a set of fixed charts {{x l , i = 1, 2, 3}}). 
Given a Riemannian metric g we will denote by Ric and R the Ricci and the scalar 
curvatures of g respectively. Given a symmetric two tensor K , we will use the notation 
\K\ 2 = K l0 K l i and k = tr g K = K tj g^. Finally given a vector field X = X\ C x will 
denote the Lie derivative along X. 

Let (g, K; N, X)(t) be a smooth flow on E of: 

Riemannian metrics g(t) = gij(t) and symmetric two-tensors K(t) = Kij(i), 
Lapse functions N(t) > and Shift vector fields X(t) = X l {t). 

If for all t (in its range /) we have 



is a solution of the Einstein vacuum equations (Ric = 0) on I x S where / is the interval 
on which t varies. If we let n be a unit-normal to the level sets of the time coordinate 
(which are space-like hypersurfaces) we have dt = Nn + X % di. Moreover K(t) are the 
second fundamental forms of the level sets of the time coordinate, namely of {t} x E. 
Equations (f9|)- (|10j) are the dynamical equations and (|ll j) -()12 j) are the energy and momen- 
tum constraints equations respectively. The evolution is said to be maximal if k(t) = for 



(9) 
(10) 

(11) 
(12) 



§ij = -2NKij + (£ x g)ij, 

k i:i = -ViVjiV + N(Ri Cij + kK l3 - 2K l k K kj ) + (C X K) 
R= \K\ 2 -k 2 , 



then the 3 + 1 metric 



g = -(N 2 - X, t X l )dt 2 + Xi(dt (8) dx l + dx l <g) dt) + g lj dx i dx j 
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all t. In such case the Lapse satisfies, at any time, the Lapse equation 



(13) 



AN = \K\ 2 N 



Conversely if E is a space-like manifold (possibly with boundary and covered by a set of 
coordinate charts {{x l , i — 1,2, 3}}) on a vacuum space-time and V is a non-zero time- like 
vector field defined on an open space-time neighborhood of E then one can obtain a flow 
E(t), at least for a short time, by moving E along V. Coordinates charts {x l , i = 1, 2, 3} are 
propagated by V to every E(i) and any two E(f) and E(i') are canonically diffeomorphic. 
In this way one obtains a flow (gij{t), Kij(t)) for the induced three-metrics and second 
fundamental forms on the fixed manifold E. Writing l^|s(t) = N(t)n + X l (t)di, where 
n is a space-time unit normal to E(t), then one obtains a flow of Lapse functions N(t) 
and Shift vectors X(t) = X l d % . The flow (g(t), K(t); N(t),X(t)) satisfies ©-(PJ). It is 
important to stress finally that the flow is on a fixed manifold E. 

2.2 Minimal surfaces and the second variation of area. 

Let (E; g,K) be a data set. An embedded surface S is minimal if its mean curvature is 
identically zero. Suppose that 5* is orientable and minimal. Let q be a unit normal vector 
field to S and let a : S — > K be a smooth function. Then, the second variation of the 
area, A'^, for the deformation of S along a<, is the well known [5] 



where is the second fundamental form of S. The mean curvature will be denoted by 
tr/j0. The minimal surface S is said to be stable if A'^(S) > for all a. In dimension 
three we further have the identity 2JC = (tr/,,9) 2 — |0| 2 + R — 2Ric(s, where JC is the 
Gaussian curvature of S and when S is minimal tr/iO = 0. From this and the energy 
constraint we obtain 



2.3 Areal and polar coordinates for axisymmetric spheres and 
further coordinates. 

Let (E, g) be an a axisymmetric manifold. Then the group f (1) acts on (E,<?) and the 
orbits are either circles or fixed points. The set of fixed points are a set of complete one 
dimensional manifolds (i.e. diffeomorphic to lines or circles) which we call the axes and 
denote by {V}. 

I. Areal coordinates on spheres. Let S C E be an axisymmetric sphere. Then S is 
foliated by [/(l)-orbits {C}. Two of them are just points (the poles), and denote 
them (arbitrarily) by N (from "North") and S (from "South"). Every orbit which 
is not a pole divides S into two discs, denote them by '(C) and D S (C) (the 



(14) 




(15) 



/ (\da\ 2 + JCa 2 ) dA>l [ (|6| 2 + \K\ 2 - k 2 )a 2 dA 
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first contains TV and the second S). Denote A u (C) = Area(D M (C)) and A S (C) = 
Area(D 5 (C)). Define the polar coordinate 9(C) at C by 



A«(C) = ^±(1- cos 9(C)) 

To define an azimuthal coordinate <p proceed as follows. The gradient of 9 (inside 
S) defines a vector field perpendicular to the orbits and invariant under the U(l)- 
action. The integral curves foliate smoothly S \ {AT, S}. Denote the foliation by 
{C}. Pick any integral curve to define {ip = 0}. Then <p(C) is the angle necessary 
to rotate {ip = 0} to get C. In these coordinates the induced metric h (from g) on 
S looks like 



(16) h= (^r) <■-"<!»- +^sin 



2 

2 



where a = a{9). Note that dA = (A(S)/4tt) sm9d9dip. 

II. Polar coordinates on discs. In addition to areal coordinates we will use polar co- 
ordinates for discs or D s . Around the respective pole the induced metric h in 
polar coordinates is 

(17) h = ds ^ + (M\ dip 2 

Of course {s = 0} is the pole and £(s) is the length of the orbit C(s) at a h- 
distance s from the pole. Say {s — 0} is the north pole. Then we will denote 
A(s) := A^(C(s)). This notation will be used later (see the proof of Proposition 
[S]). In particular A(s) = f Q £(s)ds. 

III. Gaussian-coordinates around surfaces. Let S be an axisymmetric sphere provided 
with areal-coordinates {9, ip}. For f > small enough let 

T(S, f) := {p e E, dist(p, S) < f} 

be the tubular (closed) neighborhood of S of radius r. For every q 6 S let 7 g (r) be 
the g-geodesic emanating from q, perpendicular to S and parametrized with (signed) 
arc-length r G [— f, f]. For every p € T(S,f) let q(p) be the initial point in S such 
that 7g( p )(?"(p)) =p {\r(p)\ = dist g (p, S)). The g-Gaussian coordinates on T(5, f), 
{r, 0, y}, are defined through 

(r.fl.pJCp) = (r(p),e(?(p)),^( 9 (p))) 

We will use Gaussian coordinates often in this article. Observe that d v is the 
rotational Killing field. In Gaussian coordinates the metric g is written as 

q = dr 2 + h 
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where h(d r , — ) = h{—,d r ) = at any point. 

IV. Space-time coordinates. The Gaussian coordinates are propagated along the evolu- 
tion (using {N,X)) in such a way that {(r,9,ip,t)} (t small) is a space-time coor- 
dinate system around S. We will use the index A,B,... when we use only the two 
coordinates (9, ip) while we will use the index i, j, . . . when use the three coordinates 
(r, 9, ip). In this sense the components of h are Hab while those of g are gij. 

Above we introduced T(S,f). More in general, we will use 

T(0, r) = {pe E/dist s (p, O) < f} 

to denote the (closed) tubular neighborhood of a set c E and radius f. We will also 
write 7~g(£l,f) whenever it is necessary to stress that the tubular neighborhood is with 
respect to the particular metric g. 

2.4 Homogeneously regular manifolds. 

A complete manifold is homogeneously regular if the injectivity radius is uniformly bounded 
from below (away from zero) and the curvature is uniformly bounded from above. A more 
quantitative but equivalent definition is the following [5]. 

A complete manifold E is po-homogeneously regular if there is < v < 1/2 such that 
at any point p eS we have 

1. the exponential map Exp, from Bt p t.{p, Po) into B(p, po) is a diffeomorphism (where 
Bt p t.(p, Po) is the ball in the tangent space T p T, of center p and radius po and B(p, po) 
is the geodesic ball in E of center p and radius po). 

2. Let {(x 1 , x 2 , x 3 )} be cartesian coordinates in T p E. Define as usual coordinates on 
B(p,po) by (x \ x 2 , x 3 ) = (x , x 2 , x 3 ) o Exp' 1 . Then, 

\m-?>ii\<^ sup |_£|<_, sup J— Al<-2 

B(p,po) OX PO B(p,p ) OX X p Q 

for all i, j, k, I in {1, 2, 3}. 

Essentially, a homogeneously regular manifold is one for which the metric is controlled 
in C 2 (on certain coordinates) on every metric ball of a uniform radius. It is easy to 
see from the definition that if (£, g) is po-h° mo g cn <3ously regular then (E,Ag<7), Ao > 0, 
is Aopo-homogeneously regular. In particular, for any e > there is Ao(e, po) such that 
for any point p, the scaled metric X^g on B X 2 g (p, 1) is e-close in C 2 (in the coordinates 
described above) to the flat metric on the unit ball of R 3 . Before B X 2 g (p, 1) is the ball of 
center p and radius one with respect to X 2 g. 

For a manifold with boundary the definition is similar, but we require that there is an 
extension (S, g) of (S, g) such that the boundary of E lies at a g-distance greater than 
Po from <9E and at every point p of E the points 1 and 2 hold. Of course every compact 
manifold, with boundary or not, is po-homogeneously regular for some po- 
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2.5 Minimal surfaces in axisymmetric spaces. 

Let B(o, r) be the ball in R 3 of radius r and centered at the origin {o = (0, 0, 0)}. We will 
think R 3 as an axisymmetric space-time where the [/(l)-action is by rotations around the 
z-axis. Every smooth connected axisymmetric surface S, possibly with boundary, inside 
B(o, 1) (with boundary not necessarily in dB(o, 1)) is either 

Tq. an axisymmetric sphere or an axisymmetric torus (zero boundary component), 

X\. an axisymmetric disc (one boundary component), 

12- an axisymmetric cylinder, namely diffeomorphic to S 1 x [0, 1] (two boundary com- 
ponents), 

Let S^i, i = 0, 1, 2, be the set of connected axisymmetric surfaces embedded in B(o, 1) of 
type Xj, i = 0, 1, 2 respectively and with boundary, if any, lying in dB{o, 1). Let C be an 
orbit in B(o, 1) which is not a point in the axis. Let J?y be the set of axisymmetric discs 
in X\ with boundary C. 

The following Proposition is straightforward (indeed the first item is trivial) from 
standard properties of minimal surfaces. As it is standard and the proof has few to do 
with the content of the article we divert the proof until the Appendix. 

Proposition 1 There is < L < 1 such that 

1. For every orbit C C B(o,L), which is not a point in the axis, there is a unique 
disc D in S?y which is minimal. Such unique disc minimizes area among all the 
surfaces in the family of surfaces S"i and therefore is stable. 

2. There are no stable axisymmetric minimal surfaces in the family of surfaces S^qVIS^i 
and intersecting B{o, L). 

Of course, by scaling the catenoid, one can easily show that there are complete axisym- 
metric minimal surfaces in B{o, 1) reaching as close to the origin {o} as wished, but they 
are not stable. 

It will be necessary to dispose of a version of Proposition [1] but for C 2 -perturbed 
axisymmetric metrics. More precisely 

Proposition 2 Let g be a smooth axisymmetric metric on B(o,2) C R 3 . Assume that 
the polar coordinate system {(z,p, tp)} of R 3 is adapted to g in the sense that, in these 
coordinates gij is independent on (p. Then there is €q > and < L < 1 such that if g is 
tQ-close in C 2 to the flat metric in R 3 the following is true. 

1. For every orbit C C B g (p,L), which is not a point in the axis, there is a unique 
disc D in S^y which is minimal. Such unique disc minimizes area among all the 
surfaces in the family . 

2. There are no stable axisymmetric minimal surfaces of the family U and in- 
tersecting B g [o, L). 
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A corollary which we also prove in the Appendix is the following. 

Corollary 3 Let (E,<?) be a po-homogeneously regular, non-necessarily compact axisym- 
metric three-manifold with smooth, compact and axisymmetric boundary. Assume that 
the (outward) mean curvature of the boundary is bounded below by po > and the norm 
of the second fundamental form bounded above by p\. Then, for any embedded stable 
axisymmetric minimal surface S in E we have 

1. S C (E \ 7~(9E, ex(po> Mo> Ml)))> *- e - every S lies at a distance greater than t\ from 

2. A{S) > Ao(/?o, A*0; Mi) > 0, i.e. i/iere is a uniform lower bound for the areas of the 
surfaces S. 

3. There is 62(A)) A*0) Mi) < £i/2 sitc/i that d{T~({V}, €2) \ 7~(<9E, ei)) is smooth and 
foliated by orbits and for any one such orbit there is a unique area minimizing disc 
with boundary the orbit. Moreover, if S intersects T({V}, £2) then it does at two of 
such discs. Thus, either S intersects the axes {V}, in which case it does twice and 
the surface is an sphere, or it lies at a distance from {P} greater than €2- 

4- Consider the adapted coordinates of any disc D as in item 3, namely where the 
metric is h — ds 2 + (£/2ir) 2 (s) dip 2 . Then s ranges in an interval (0, sd] o,nd 
sd € [so(PO)Mo,A*i),Sl(Po.Mo,Mi)]- Moreover we have \£(s) - 2irs\ < c {p )s 2 . 

When E, p Q -homogeneously regular and complete but boundary-less then the items 2,3 and 

4 hold but now the estimates depend only on p . 

To finish this section let us mention that stable minimal surfaces in either asymptoti- 
cally flat axisymmetric manifolds or in compact axisymmetric manifolds with axisymmet- 
ric boundary are necessarily axisymmetric. In particular one can replace the hypothesis 
"stable axisymmetric minimal surface" in Corollary [3] by just "stable minimal surface". 
We explain this known but important fact in what follows. Let E be a three-manifold of 
one of the two mentioned types and let S be a compact embedded stable minimal surface. 
Let again £ denote the axial Killing field and <; a unit normal to S. Let \ N =< £, q > 
denote the normal component of £ over S. If X N is nowhere zero then the [/(l)-orbits 
are transversal to S at any of its points which implies that E must be diffeomorphic to 

5 x S 1 . This is an impossibility. It follows that X N is somewhere zero. We show now that 
X N is identically zero and therefore invariant under the U(l) action (thus axisymmetric). 
Suppose that X N is non-zero somewhere in S. As £ is Killing we deduce that the second 
variation of the area along X N s is zero. On the other hand as S is stable we deduce that 
the first eigenvalue of the the second variation operatoi@ is zero and is the eigenfunc- 
tion. But the eigenfunction of the first eigenvalue is always nowhere zero and we reach a 
contradiction. 

4 The second variation operator is here that obtained from varying HAl that is L<f> = — — (|©| 2 + 
Ric(<;, ?))</>. 
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3 Proof of the main results. 



3.1 The second variation of area in time for extreme Kerr-throat 
spheres. 

The proofs of Theorems [1] and [5] rest on the crucial negativity of the second variation of 
the area in time of stable extreme Kerr-throat spheres (on maximal, axisymmetric initial 
data) when N(0) is not proportional to aj- over the sphere and X(0) — 0. Due to the 
basic importance of the computation we present it below before going into the proofs of 
the main results. 

Proposition 3 Let (S;g,K) be a vacuum, axisymmetric, maximal initial data set, Let 
Sh be a stable extreme Kerr-throat sphere. Suppose that the data evolves following the 
vacuum Einstein equations with smooth lapse and shift (N(t),X(t)) such that X(0) = 0. 
Then, at time zero we have 

(18) A(S H ) = 0, 

(19) A(S H ) = ~A'^(S H ) < 0. 

Moreover, equality in the second inequality in 1119]) holds iff in areal- coordinates we have 
N L, = car for a constant c. 

Note 1 In a vacuum axisymmetric maximal and asymptotically flat data set, every ex- 
treme Kerr-throat sphere is necessarily stable. In Proposition there is no global as- 
sumption on the initial data of any kind and the stability of Sh has to be imposed a 
priori. Nevertheless, as can be seen from the proof, even if Sh is not stable we still have 
A(S H ) = -A"(S H ). 

Proof: In the following calculation one can use for instance the space-time coordinate 
system introduced in Section [2751 We have 

MS H ) = l [ h AB h AB dA= ( -NK AB h AB + \(V A X B + V B X A )h AB dA. 

1 JS H JSh 1 

Recalling that at time zero we have K AB (0) — 0, and X(0) = then, at time zero we 
have 

A(S H ) = f -NK AB h AB + ]-{V A X B + V B X A )h AB dA. 

JS H 

As Sh is totally geodesic at time zero, we have 

/ \{V A X B + V B X A )h AB dA= f Div SH U(X)dA = 0. 

JSh 1 JSh 

where n(X) is the projection of X onto the tangent space of Sh, and Divs H is its diver- 
gence as a vector field on (Sh, h). Therefore, recalling that the initial data is maximal, 
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that is k = 0, we have 

A(S H ) = [ -N(-V A V B N + N{Ric AB - 2K Al K l B ))h AB dA. 

JSh 

Again, Sh is totally geodesic at time zero, therefore 

f N(V A V B N)h AB dA = - f \dN\ 2 dA. 

where d, as before, is the differential of N in Sh- 

On the other hand, Ric A Bh AB = R — Ric(<;,<;) and, because of the energy con- 
straint and because that the only nonzero components of Kij are Kg r (and K r g) then 
2K Ai K l B h AB = \K\ 2 = R. Altogether we obtain, at time zero, 

A{S H ) = f -\dN\ 2 + Ric(^<;)N 2 dA = -A%(S H ) 

Js H 

because the second fundamental form of Sh is zero. 

Finally if Sh is stable then for any a : Sh — > M we have A'' (Sh) > 0. On the other 
hand we obtain equality in (fT5)l if a — olt which implies that the right hand side of 
is zero [5] and thus A'^ (Sh) = 0. From both facts we deduce that zero is the first 
eigenvalue of the stability operator with eigenfunction olt ■ Moreover from the uniqueness 
of the first eigenfunction we have ^4^(5*^) = iff a is proportional to ar- 

□ 

3.2 Proof of Theorem CD 

Let us recall the main argument behind the proof of Theorem[TJ Assume by contradiction 
the existence of (E; go, Kq) containing an extreme Kerr-throat sphere Sh and to fix ideas 
suppose that Sh is isotopic to a sphere at "infinity" on one of the asymptotically flat ends. 
As was discussed in the introduction this is the case for instance if Sh is an apparent 
horizon. In any case Sh divides E in two connected components. Suppose that the 
maximal lapse N m , namely the solution to (|13[) which is asymptotically one at infinity 
on E, is not proportional to olt over Sh- Then, evolving the initial data (go,Ko) in the 
maximal gauge with zero shift and using Proposition [3] and the conservation of angular 
momentum one obtains, in short time, a sphere on an asymptotically flat, axisymmetric, 
maximal data violating ([1]) which is impossible. Unfortunately it could be (a priori) that 
N m is proportional to aj- over Sh and therefore the argument, as such, is incomplete. 
However one can technically modify it, still following the same ground idea, to make it 
work. The modification consists in working on a large but compact region of the initial 
data enclosed by large convex spheres, where as we will see using Proposition |4] it is 
always possible to find a positive solution A^o of the Lapse equation not proportional to 
olt over Sh- Then flow the initial data over such compact region along certain (see later) 
axisymmetric lapse and shift (N,X)(t) with A| t= o = Nq and X\ t= o = 0. Unfortunately 
the flow will be known to be maximal only at time zero and at later times maximality 
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could fail. This is an important drawback because although by Proposition [3] we have, 
for t small, 

(20) A(S H )<8Tr\J(S H )\- A " o( f H) t 2 , A% Q (S H ) > 

(where here and below A(Sh) '■= A 3 ^(Sh)), the inequality A(S) > 8n\J(S)\ is not 
known to hold on non-maximal slices, and the original contradiction argument may be 
inapplicable. Here is where we use that the initial slice is maximal and that, because 
N\t=o = No satisfies the Lapse equation and k\t=o = ~ANq + \Kq\ 2 Nq = 0, then the 
mean curvature k(t) at small times behaves as k(t) ~ 0(t 2 ). This order of failure of 
maximality allows us to prove in Proposition [5j and for small times, the lower estimate 
A(St) > 8w\J(St)\ — Ao£ 4 for the area of stable axisymmetric minimal surfaces St- This 
is then used in the Proof of Theorem Q] to obtain the inequality 

(21) A(S H )>8TT\J(S H )\+0(t A ) 

for small times. Inequalities (f20)) - (|21[) show a contradiction in the original spirit. We 
move then to prove the preliminary Propositions |4] and [SJ the proof of Theorem [T] is given 
afterwards. 

Proposition 4 Let (Q;g,K) be a vacuum maximal state where Q is a compact manifold 
with smooth boundary. Suppose that either 

Al. There is an extreme Kerr-throat sphere Sh dividing into two connected compo- 
nents Oi and 0,2, or, 

A2. There are extreme Kerr-throat spheres S H and S H , the union of which divides 
into two connected components f2i and f^- 

Then there is an axisymmetric solution N of the Lapse equation which is positive on 
n° = il \ dfl and 

1. is not proportional to a}p over Sh in case Al, or, 

2. is not proportional to a\ over at least one of the surfaces S H or S^ in case A2 . 
where '■= vl + cos 2 9 in the areal- coordinates of the respective sphere. 

Note 2 If Sh is an extreme Kerr-throat sphere of area Ah then the function cxt, as de- 
fined in the introduction is, cxt = v/yl H /87rVl + cos 2 6». Therefore if N is not proportional 
to alp over Sh then it not proportional either to ar- 

Proof. Denote by W\ and W2 the set of connected components of Oft belonging to fii and 
respectively. As Q has non-empty boundary by assumption then W\ and W2 cannot 
be empty at the same time. We will assume that W2 ^ 0. We discuss cases Al and A2 
separately. 
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Case Al. Let N a and Nf, be two positive and linearly independent axisymmetric 
functions over W2 and let N a and Nb be, respectively, the solutions of the Lapse equation 
with boundary data 

AN = RN, 

N \w 2 =^ orA ^ 
N\ m =0, if Wi ^0 

The uniqueness of the solutions 7V Q , Nb and the axisymmetry of the boundary data im- 
ply that N a and Nf, must coincide with their rotational averages and therefore must be 
rotational symmetric. If either N a or Nb are not proportional to a^, over S we are done. 
On the other hand, if both N a and Nf, are proportional to over Sh, we can consider 
a non-zero linear combination c a N a + CbNb which is equal to zero over Sh- The combi- 
nation is also zero over W\ if W\ 7^ and as dili = W\ U Sh uniqueness implies that the 
combination is zero all over Qi. But because N a and Nb are linearly independent then 
c a N a + CbNb is not identically zero over ^2- This contradicts the unique continuation 
principle for elliptic equations [4j . Thus either N a and Nb are not proportional to a\, over 
Sh. 

Case A2. Let N a , Nb and N c be three positive and linearly independent axisymmetric 
functions over W2. Let N a , Nb and N c be the axisymmetric solutions to the Lapse equation 
with boundary data zero over W± if non-empty and boundary data N a , Nb or N c over 
W2, respectively. If all of N a , Nb and N c are proportional to a\, over both S H and S H 
then, again, one can easily find a linear combination of the three that is zero over both 
S H and S H . A contradiction is then found as in Case Al. □ 

Let (£;<?, k) be, as in Theorem [1] a maximal (vacuum and axisymmetric) data set 
with possibly many asymptotically flat ends E\, . . . , E n , n > 1. Let &±, . . . , & n be large 
axisymmetric and strictly convex spheres on each of the ends E\ , . . . , E n respectively. 
Suppose there is an extreme Kerr-throat sphere Sh- If Sh does not divide S into two 
connected components then one can cut S along Sh to get a manifold with two boundary 
components (say S H and S H ) and glue back smoothly a copy of it (crossing the bound- 
aries). The result is a smooth manifold with In asymptotically flat ends and having 
two embedded extreme Kerr-throat spheres S H and S H the union of which divides the 
manifold into two connected components. The conclusion is that if there is an extreme 
Kerr-throat sphere then either we are in the hypothesis Al of Proposition 2] or that we 
can construct a data set in the hypothesis A2. In any case we are denoting by f2 the 
regions enclosed by the large spheres (including the large spheres) . We will continue as if 
we were either in the hypothesis Al or A2 therefore. 

We note now that there is always a positive solution Nq to the Lapse equation on f2 
which is not proportional to ar over Sh (in case Al) or is not proportional to ar over 
one of the spheres S H or S H (in case A2). Indeed let N m be the (positive) solution to 
the Lapse equation that is asymptotically one over any asymptotically flat end. If A^ m is 
proportional to olt over Sh (in case Al) or is proportional to ar over both, S H and S H 
(in case A2) then we can add to it a solution to the Lapse equation as in Proposition |4] 
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to obtain a positive solution on Q with the desired property. From now on let Nq be the 
positive axisymmetric solution of (|1 3[) in J7, that is not proportional to ax over Sh (in 
case Al) or is not proportional to olt over either Sjj or Sjj (in case A2). 

Let n be a (one of the two possible) unit-normal fields to il inside the space-time. For 
any p e SI let 7 P (r) be the (space-time) geodesic emanating from p, in the direction of 
n(p), and parametrized with arc length r. In the domain {o/o = 7 P (r),p € fl, < r < To}, 
To a small constant, we consider a vector field V by 

(22) V(o) := N (p)Y p (t), if 7p (r) = o. 

Flowing the domain SI inside the space-time (generated by the data) by the the vector field 
V, we obtain an evolution flow (g, K; N, X)(t) over the fixed SI where t is the parameter 
associated to the flow by V (see Section l2~Tj) . Moreover we have Xt=o = and Nt=o = 
Nq. Note that the evolution induced by V is axisymmetric, namely (g, K; N, X) are 
axisymmetric. However the evolution does not have to be maximal, that is, we do not 
necessarily have k(t) = for all t. Despite of this we have 

fc L=o = ' fc| f=o = -AA r o + i?^o = 0. 

Thus there is fco > such that \k(t)\ < kot 2 . Therefore the energy constraint implies (at 
time t) R — \K\ 2 + 0(t ). The following auxiliary proposition gives a crucial lower bound 
on the area A(St) of stable minimal surfaces St in (O; g(t), K(t)) (with an upper bound 
on their areas). 

Proposition 5 For any Ai > there are t > and A > such for any < t < t and 
orientable stable axisymmetric minimal surface St on (f2; g(t), Kit)) with A(St) < A± we 
have 

A(S t )>8TT\J(St)\-A t 4 

Proof. Let to, po, /xo and /xi be such that for any t in [0, to] f ne manifold (fl,g(t)) is po- 
homogeneously regular and with strictly convex boundary of (outward) mean curvature 
greater or equal than /io and norm of the second fundamental form bounded by [i\ . Let 
C2 and Aq be as in Corollary [3J Let ko > be (as before) such that for all t € [0, to], we 
have \k(t)\ < k„t 2 . Finally let £ = sup{27r|^(p)| 5(t) ,p e £l,t e [0,i ]}. 

For the proof we distinguish two cases, (I) when St is an axisymmetric torus, and, (II) 
when St is an axisymmetric sphere (there are no other possibilities). Take into account 
that all the calculations below are made on (f2; g(t), Kit)) in particular that A(S t ) denotes 
the g(t)-area of S t , i.e. A(S t ) = A g ( t )(St)- 

(I) St is an axisymmetric torus. Choosing a — 1 in the stability inequality (|15|) we obtain 

/ \K\ 2 dA < [ k 2 dA 
J s t J s t 
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and from @ we get 



(8n) 2 \J(S t )\ 2 = | / KfoddAf 



J s t 



< 




2 dA 



From these two inequalities and the bounds mentioned above we obtain 



(87T) 2 |J(S t )| 2 < 



42/2 1,2 
A l l K 

(2n) 2 



Now, if to, (to < to) is small enough we obviously have 



A > 



Ai£ k tl 
2ir 



Putting all the inequalities together we obtain for any t < to and Aq > 



A(S t ) >A > 



Aoloko t 2 
2ir 



>8TT\J(S t )\ > 87r|J(S t )| - A i 4 



(II) St is an axisymmetric sphere. Again, take into account that all the calculations below 
are made on (fi; g(t), K(t)). Let {9, <p} be the areal-coordinates of the sphere St and let 
a be as in p^|) . We would like to obtain first uniform upper and lower bounds for the 
function u(0) (9 € [0, 2ir]) where by uniform we mean independently on 8 and independent 
also on the stable surface St (to < to as before), although dependent on po,^o and \x\. 
Observe that because any axisymmetric sphere has two poles then St intersects {V} at 
two points. By Corollary [3] if St intersects 7^(*) CP, £2) it does so in discs D on which, in 
polar coordinates, we have the bounds 



where we are using the notation for £(s), A(s) as explained in Section [2.31 The equations 
are valid on < s < sd with sd £ [sq, s±] and the constants so, si, cq, c\ depend only on 
Po, Po a n d pi- Moreover we have (suppose without loss of generality that 9 = is the 
pole of the disc) , 



(23) 
(24) 



\£(s) - 2its\ < c s 2 , 

\A( S ) - TTS 2 \ < ClS 3 



(26) 



(25) 




Combining (|25p and (|2^| we get 



M6(s)) _ A ( S ) 



(A(S t ) - A(s)) 



£ 2 (s) 
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To estimate the right hand side of this expression we will use 



1 {1-Cis/tt\ < A(s) 1 fl + cis/n 



47r \1 + cqs/tt J £ 2 (s) An \l — cqs/tt 
obtained from the inequalities ([23]) - (|24| . and, 

A Q < A(S t ) < A 1 

From them one easily shows that there is S2(po, Ho, Hi), with s 2 < sq, such that for any 
s £ (0, s%] we have (the coarse) bounds 

(27) TiT^^ 

l07T Z7T 

It follows that there is some uniform e^ipo, Ho, H2) with e 3 < e 2 such that for any St, \<r\ 
is uniformly bounded on St H T g (t)(V , e 3)- 

Moreover, combining (j23|) - ((26|) we obtain that there is #0 such for any point q £ St 
outside T g (t)(P, £3) we have either \6(q)\ > ^0 or \n — 6(q)\ > 9 . On the other hand there 
are uniform upper and lower bounds for the length £(q) of the axisymmetric circles (orbits) 
passing through any point q £ St outside T g (t){P, £3)- Because of these two facts and the 
expression e 1 2 <9)> = ^^Wqj we °- e< ^ uce that there is a uniform bound for |er(#(g))| at 
any point q £ St outside the tubular neighborhood T g (t)(^P ', £3)- We thus obtain a uniform 
bound for \a\ on any axisymmetric stable minimal sphere St with A(St) < A\ as desired. 

Now, following [6] (see also [7]) one can use the stability inequality to deduce^ for 
axisymmetric spheres St the following crucial inequality 

AT-8 

(28) A(S) > 47re~~ §~ 
where M. is defined by 

M = — [ (a' 2 + 4cr + ^) sin 6d6d(j) - -e 2c [ k 2 e- a sin 
2tt7s T 2 J s 

In this expression e c = A(S)/47r, rj — e a sin 2 9, the prime in a' and u>' are their 0-derivative 
and uj — u)(Q) is a smooth function defined through 



d9 2tt 



5 Use (15)-(29)-(31)-(32) in [g] and instead of (30) in [6] use the constraint equation R = \K\ - k 2 . 
Finally note that the equation for the angular momentum is still valid even if the data set is not 
maximal. Indeed the Komar angular momentum can be intrinsically defined as (5) in [7] which coincides 
with {2}. 
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A direct computation shows J(S) — (w(7r) — w(0))/8. On the other hand it is proved 
in [6], [1] that, if we let 




/ (a 12 +4o-+ — ) sin dddd(f> 
Js T 



then 



(29) 



iire^ > 8ic\J(S)\ 



Using this in (12511 we obtain 



(30) 



We will use this now for S = S f on (f2; K (*)). Using the bounds A(S* t ) < Ai, 
|fc| = \k(t)\ < k t 2 and (J2TJ) one obtains 



Let x — fg 1 ^" t 4 . Then if io is suficiently small we have < x < t$ < 1 and therefore 
e x < 1 + 2x. Using this into (j30]) and using once more the bound A(St) < A% we obtain 



We are ready for the proof of Theorem [TJ We recall first the setup of the proof. We 
assume by contradiction that there is an asymptotically flat data set (£;<?, if) on which 
there is an extreme Kerr-throat sphere. Then, as was explained, one can always consider a 
data set (f2; g, K) (constructed from the data (E; g, K)) where (f2; g) is a compact manifold 
with strictly mean convex boundary and having an extreme Kerr-throat sphere Sh in its 
interior. Moreover there exists a positive solution Nq to the Lapse equation on ft which 
is not proportional to «t over the extreme sphere. The data (f2; g, K) is embedded in a 
space-time and we consider its evolution under the vector field V as in (|22j) which gives 
us an axisymmetric flow (O; g(t), K(t)). 

Proof of Theorem^ Let t and A be as in Proposition [5] (with A\ = A g r \(Sii))- Let t 
be a time in (0,fo). Below we will work on (ft; g(t), K(t)). Therefore keep in mind that 
all the quantities, in particular areas, are found from (g(t), K{t)). 

First we observe that the infimum of the areas of all the surfaces isotopic to Sh is 
non-zero. Indeed for any surface S' isotopic to Sh we have 




A(S t ) > 8ir\J(S t )\ 




16 A 



The claim follows by defining A, 




□ 
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Then, following [8 (Theorems 1 and 1') there is a sequence of surfaces {S^}, with each 
5; isotopic to Sh, converging in measure to niSi + . . . + rikSk, where {Si, . . . , Sk} is a set 
of compact and embedded surfaceJffl Moreover the infimum of the areas of all the surfaces 
isotopic to Sh is equal to mA(Si) + . . . + rikA(Sk)- In particular A(Si) < A(Sh) < Ai 
(this upper bound is needed to apply later Proposition [5]). If one of the surfaces, say 
Si, is orientable, then it is stable and therefore axisymmetric (see Section |2~5|) . In such 
case there are nf > 0, > with m = + nj , indicating how many times the 
sequence {S[} "wraps around" the oriented Si with one orientation and how many with 
the opposite orientation. Precisely, for any two-form x supported on a small neighborhood 
of the oriented surface Si, we have 

lim / x = (nf - n>7) / X 

If on the other hand one of the surfaces, say Si, is non-orientable then for any two-form 
supported in a small neighborhood Si we have 



(31) lim / X = 

Note that if all the Si's were non-orientable, then using (|3ip with x — *K(£, —), we would 
get J(Sh) — J(S'i) — lim J(5j) = which is not possible. We deduce that at least one of 
Si's has to be orientable (this fact is not essential). Let us order the surfaces in such a 
way that . . . , Sj}, j > 1 are the orientable (and oriented) and {S^+i, . . . , Sk} are the 
non-orientable. We have 

i—j i—j i—j 

| J(S H )\ = lim | J(Sl)\ = | ~ n T) J(Si)\ < E "*l J ( 5 ')l ^ E ^ A ^) + °(* 4 ) 

i—l i—1 i—1 

< -L A (S H ) + 0(i 4 ) < \J(S H )\ 3^1? + (t*). 
8ir lD7r 

where A'^ (Sh) > and where to obtain the inequality between the fourth and fifth 
terms we have used the Proposition [5] and to obtain the inequality between the sixth and 
seventh terms we have used Proposition |3J We obtained thus a contradiction for short 
times. This finishes the proof of Theorem [1] □ 



3.3 Proof of Theorem H. 

In the following sections the reader may benefit from the following "quotient" viewpoint 
on the geometry of (S, g), where (S, g), as in the hypothesis of Theorem^ is axisymmetric 
and diffeomorphic to S 2 x R. 

Recall that the group U(l) acts by isometries and that the set of fixed points consist 

6 A very accurate description of the relation between the sequence {S;} and the surfaces Si, . . . , Sk is 
given in Remark (3.27) of [8]. 

7 Namely for every function / on Q we have lim fdA = ^2 n i Jg. fdA. 
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of two connected and complete one-dimensional manifolds (the axes), and therefore each 
diffcomoprhic to M. The quotient of E by the action, denoted by E is diffeomorphic 
to [0, 1] x E, where {S} := {0} x R and {J\f} := {1} x M are the pair of "South" and 
"North" axis. The set of both axis will be denoted as before by {V} = {JV} U {S} and 
the topological interior by E° := E \ {V} = E \ 9E. We denote the projection by II 
(in particular 11(E) = E). Denote by A 2 the square norm of the axisymmetric Killing 
field and let g be the two dimensional quotient metric on E°, namely, if w — Tl(w) and 
v = Tl(v) with w, v tangent vectors at p G E \ {V}, then at p — H(p) we have 



The metric g extends smoothly to E. Every axisymmetric sphere S projects into a one- 
dimensional manifold diffeomorphic to [0, 1] starting and ending ^-perpendicularly to the 
axis (see Figure 0]). An axisymmetric sphere is contractible iff the projection starts and 
ends at the same axis. Axisymmetric torus project into closed curves inside E° and 
are therefore contractible in E. Besides spheres and tori, there are no more orientable 
axisymmetric boundary-less surfaces. Axisymmetric discs project into one-dimensional 
manifolds diffemorphic to [0,1], starting ^-perpendicularly at an axis and ending at an 
interior point. We will use the notation P^' S for projected axisymmetric spheres starting 
at {A/"} and ending at {S}, and (3^ {p) (resp. (3 s (p)) for projected discs starting at p and 
ending at {A - } (resp. {S}). All this is shown in Figure [4] 

Let P(s) be a curve in E parametrized with respect to g arc-length, then 



In other words the area is equal to the length of j3 with respect to the conformal metric 
g = (27rA) 2 <7. In particular axisymmetric minimal surfaces (which minimize area locally) 
in E correspond to ^-geodesies in E°. Thus, the well known property that if two minimal 
surfaces are tangent at a point then they coincide is direct in the context of axisymmetric 
minimal surfaces. This fact will be useful later. 

The hypothesis of Theorem [2] translates into the following two conditions on the quo- 
tient manifold: 

CI. There is a ^-geodesic of g- length Ah '■= 87r| J\. 

C2. For any curve /3^' 5 , its (/-length is greater or equal than Ah- 

(we will use the notation Ah for 87r| J| from now on). The curve 7^f' 5 divides E into two 
smooth manifolds Ei and E2 each diffeomorphic to [0,1] x M+ (M+ = [0, 00)). Denote 
Ej = II _1 (Ei). At a point p S Ei, with i either 1 or 2, define 



g(w,v) = g(w,v) 



g(Z,w)g(£„v) 
A 2 




Mp) = infllengthgO^p)), /3^ 5 (p) C EJ, 
Af(p) = infOcngth^/^)), p"(p) C E 4 } 
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and similarly for Af (p). We also define 

(32) A(p) = {length^' 5 ®), ^ s (p) C E} 

In the original space, A^p) is just the innmum of the areas of axisymmetric spheres in Ej 
containing the orbit Similarly A^(p) (resp. Ajf (p)) is the infimum of the areas 

of axisymmetric discs in Ej intersecting {A/ - } (resp. {5}) and with boundary n _1 (p). 
These quantities are irrelevant outside axisymmetry. By C2 we have A t (p) > A# for all 
P- 

The use of the quotient picture has considerable advantages but also shortcomings. As 
a general rule the analysis away from the axis is more conveniently done in the quotient 
geometry. At the axis however the metric g is singular and it is better to stick to the 
original space. For this reasons we will keep a mixed usage. 

We state now a basic Proposition concerning area-minimizing sequences of discs that 
will be required to prove Lemma Q] on which the proof of Theorem [5] relies. To avoid 
further delays for the proof of Theorem [2] we postpone the proof of the Proposition until 
the Appendix. We use the notation D^(C) and D S (C) as in Section l2~3l for axisymmetric 
discs intersecting {Af} and {S} respectively. 

Proposition 6 Let i be 1 or 2. Let 11(C) = p G E°. Then A^(p) is equal to either 

Dl. the area of a stable minimal disc '(C) = II -1 (7^ (p)), or, 

D2. the area of a stable minimal disc D S (C) — IT -1 (7 '(P)) plus Ah- 

Moreover there is an area minimizing sequence of discs {D^ (C)} = {II _1 (/3^(p))} con- 
verging (in measure) to either 

D M {C) = n- 1 ( 7 AA (p)) in case Dl holds, or, 

D S {C) US H = n- 1 ( 7 5 (p)) U IT- 1 ^ ,5 ) in case D2 holds. 

A similar statement holds for Af(p) by changing Af — > S and S — > Af. 
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Lemma 1 Let i be 1 or 2. If for all p e Ej it is A^p) — Ah then (Si;g,K) is half of 
the extreme Kerr throat of angular momentum J\ — Ah /871". 

Proof: Before we start recall that any stable minimal surface S with A(S) — 8tt\ J(S)\ is an 
extreme Kerr-throat sphere [5] . We prove first that E^ is foliated by extreme Kerr-throat 
spheres, or, in the quotient space, that E^ is foliated by ^-geodesies of length Ah starting 
^-perpendicularly to {A/ - } and ending ^-perpendicularly to {S}. In this first part of the 
proof we work in the quotient space. Let p € E°. By hypothesis A^p) = Ah- Therefore, 
by Proposition |H1 A^(p) and Af (p) are realized <?-geodesics 7^ (p) and 7 5 (p) respectively 
(case Dl holds) and moreover the sum of their g- lengths is Ah- If T^ip) an d J S (p) do 
not have the same tangent line at p then their union can be rounded up at the vertex p 
to a curve with g-length less than Ah which violates C2. Thus "f^' S (p) := 7^(p) U7 S (p) 
is a (^-geodesic of length Ah or, the same, II -1 (7^ (p) U 7 5 (p)) is an extreme Kerr-throat 
sphere. We claim that for any pi ^ p 2 in E° the geodesies 7 Af ' S (pi) and y^' S {p2) must 
be either equal or disjoint. Indeed if they are not disjoint then they cannot be tangent 
other the geodesies must coincide, and if they intersect transversely then one can again 
construct easily a curve ^^{p) of ^-length less than Ah which violates again C2. The 
set {~i^' S {p),p € E°} is thus the desired foliation of Ej by 5-geodesics of length A H and 
{Tl~ 1 (-y J ^' S (p)),p € E°} is the desired foliation of E^ by extreme Kerr-throat spheres. 

So far we have a foliation by extreme Kerr-throat spheres. From this information we 
want to deduce that there are coordinates {(r, 9, tp)} on E; on which the metric g has 
exactly the expression (j4j. Let r be a smooth function, constant along the leaves of the 
foliation and with non-zero gradient everywhere. The flow induced by the vector field 

Y:= VV 



takes leaves into leaves (dr(Y) = 1) (and indeed orbits into orbits because, can be seen, Y 
is [/(l)-invariant). Let {(9, <p)} be areal coordinates on Sh ■ Extend them to all E^ by Lie 
dragging, namely define them by imposing Y(9) — 0, Y(ip) = 0. In this way {(r, 9, tp)} 
are coordinates on E^ . Let Hab {t) be the metric components of the two-metric induced 
on the leaf {r = f} in the coordinates {(9, ip)}. Then we have 

(33) d r h AB = 

because every leaf is totally geodesic. Thus /iab(»') = ^,4b(0) which is the metric of Sh 
in areal coordinates, namely (from 

h(0) = * ]J]siU lW + \m + cos 2 9)d9 2 
1 + cos z a 

By ([33"1) the first and second variation of the area of the leaves along Y is zero. We deduce 
that at every leaf we must have 

d r = Y = c(r)ayf 
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where <^ is a g-unit normal field to the leaf. It follows that one can redefine r to have 
d r = over every leaf. As < d r ,dg > g =< d r ,d v > g = 0, the metric g takes in these 
coordinates the form 

g = a^dr 2 + Hab(0) 

which is (jl]). That the second fundamental form takes the form ([5]) is a consequence of the 
fact that, by the uniqueness mentioned before, K takes the form of ([5]) over any extreme 
Kerr-throat sphere. □ 

We are ready to prove Theorem [2] 

Proof of Theorem^ As before Sh divides E into Si and £2 (both including Sh)- Let 
Ai — sup{.Aj(p),p £ Si}, for i = 1,2. If Ai = Ah for i = 1, 2 then by Lemma[T]the sate 
has to be the extreme Kerr throat. On the other hand suppose that one (but not both) of 
the Aj's is equal to Ah then one can easily make a doubling to construct a state with an 
extreme Kerr-sphere S' H , and two sectors E 2 with A$ > Ah for i = 1,2. This shows 
that to prove Theorem [2] it is enough to assume that Ai > Ah for i = 1, 2 and obtain a 
contradiction. We will assume that from now on. 

Let pi £ and p2 £ E 2 be points such that A^pi) > Ah for i = 1,2. Now observe 
that the set of points £ = {p £ E°,A(p) = A H } (A(p) is defined in ((32]) is 

(i) a closed set, and, 

(ii) a union of projected extreme Kerr-throat spheres. 

That £ is closed follows from the fact that A(p) is continuous with respect to p. That £ 
is a union of projected extreme Kerr-throat spheres follows from the fact, shown inside 
the proof of Lemma [TJ that if A(p) — Ah then p lies in a projected extreme Kerr-throat 
sphere. 

Let Si, i = 1,2 be spheres (with poles in {AT} and {S} denoted by Mi and Si) such 
that 

1. S l C (Ei\n- l (£), and, 

2. Let R > such that the space (B a (A/i, 2), -§2) is e -closjf| in C 2 to the flat metric 
in B(o, 2) C K 3 where as in Section [2~5l -B(o, 2) is the Euclidean ball of radius 2 and 
eo is as in Proposition [5] Then Si n B_9 (A/i, L) is a disc as in item 3 of Corollary[3] 

Let be the region enclosed by Si and S2 (including them). Let S > be such that 

1'. T{Si,4JS) C (E\n- 1 (^)), and, 

2'. There are <?-Gaussian coordinates on T(Si,4S). 
Following Proposition 01 let No be a positive solution of the Lapse equation in 

fi 4 5 :=nuT(£i,45)ur(Sa,4<5) 

8 To be precise in the coordinates {x 1 , x 2 , x 3 } as in Section 12.41 
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which is not proportional to ax on Sh- Evolve 

n 3S :^nuT(S 1 ,3S)UT{S 2 ,35) 

along the space following the vector field V as in (|2"2l thus obtaining a flow 

(Sl 3S ;g(t),K(t);N(t),X(t)) 

on the fixed manifold ^35, for t g [0,to]. 

Consider now a continuous path Si(t), i = 1, 2 of spheres (with poles on {TV} and {S} 
denoted by Mi{t) and Si(t)) such that 

1". Si(0) =Si,i= 1,2, and, 

2". The space (B g(t) (M(t), 2), 2$.) is e -close to in C 2 to the flat metric in B(o,2), 
where R\ = min{i?, 5/2}, and Sj(t)nB g (t) (7Vj(t), L) is a disc as in item 3 of Corollary 
[3l Moreover the same we assume occurs at the south poles 5j(t). 

Let to be smaller if necessary such that for any i <G [0, to] there are <?(t)-Gaussian coordi- 
nates in T g {t) (Si(t), 25). Define 17(f) the region enclosed by Sx(t) and 52 (t) and 

n 2S (t) = n(t) u r s(t) (5, (t) , 25) u r g{t) (s 2 (t) , 25) 

Now, instead of g(t) we will consider a modified flow of axisymmetric metrics g*{t) on 
^25 (t) with the following properties for every t 

1. g*(t)=g(t) on 17(f), 

2. g*(t)>g(t) onl7 25 (f), 

3. the <7*-mean curvature of the boundary of the region Q,2s(t) is strictly positive in 
the outward direction, namely the boundary is strictly mean convex. 

The flow of metrics g*{t) can be explicitly given for instance as follows. On everyone of 
the two connected components of 1725(f) \ 17(f) we write the metric g(t) in g(t)-Gaussian 
coordinates as g(t) = dr 2 + hi(t), i = 1, 2. Then make 

9[> - \ dr 2 + f 2 (r)hi(t), on 17 25 (*) \ 17(t), (r > 0), 
where / (r) is the scalar and time independent function 

f(r) = 1 + e~r + 2S + <:-r- 

for e > small enough making the boundary strictly convex. 

Now, at time zero we have A(Sh) < and therefore for any f < to (to smaller if 
necessary) we have A 3 ^(Sh) < Ah. By 8] (Theorems 1 and 1') there is, for every 
< t < to, a g* (f)-stable, axisymmetric and area minimizing sphere St inside £l 2 s{t) of 
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area less than Ah- We claim that (making to smaller if necessary) St must lie inside f2(t) 
where the metric g*(i) is equal to g(t) and therefore showing the "barrier" -like character 
of the Si(t)'s and the g(t)- stability of St- We show this now. Let T > be such that 
for every sphere S (with poles in {Af} and {S}) intersecting \ (O U T({V}, R\L)) has 
g- area greater or equal than Ag+T. By continuity, and making to smaller if necessary, we 
have that for every t € [0, to] and every sphere S (with poles in {Af} and {S}) intersecting 
n 2 <s(t) \ (Q(t) U 7^ (t )({:P},.Ri£)) has g*(i)-area greater or equal than A H + T/2. Now, 
let St be the area minimizing sphere of <7*(i)-area less than Ah as considered before. 
If S t lies not in fl(t) then, being an sphere with poles in {Af} and {S} and of g*(t)- 
area less than A# it must necessarily intersect the discs &j(t) H B g ^ t y R 2(Afi(t), L) and 
n B g( t)/ R 2(Si(t),L) which violates Proposition [2] Thus S< C £7(t). 
Finally in the same way as in Proposition [5l one can consider t$ smaller if necessary 
and A > such that for any t G (0,i ] we have A(S t ) = A g ( t )(S t ) > 87r|J| - A t 4 . On 
the other hand A(S t ) = A g(e) (S t ) < A H + A(S H )t 2 /2 + 0(t 3 ). This is a contradiction as 
A H = Sn\J\ and A(S H ) < 0. □ 



4 Appendix. 

Proof of Proposition [7J We prove first iiem 1 which is true for any value of L chosen 
between (0, 1) (indeed we just reproduce here the classical proof). Let D be a minimal 
disc with boundary C . Say z\c = zc- Then the function z — zc is harmonic on D and 
(z ~ zc)\c — 0- It follows that z — zc all over D and therefore that D is the disc enclosed 
by C in the plane {z — zc}- Another proof, best suited for extensions, can be obtained 
along the following lines (we just provide the sketch). Let D(C) be the disc enclosed by 
C in the plane {z = zc}- Let o(C) = (0,0, zc) be its center and R(C) its radius. Let 
B+ = B(o(C),R(C)) n {z > z c } and B~ = B(o(C),R(C)) n {z < z c }. Now, the disc 
D(C) is minimal and, by a direct inspection of the stability operator, also strictly stable. 
Using the strict stability one can construct a smooth foliation of B + by discs {D'(C)}, 
each with boundary C, and strictly convex (in the direction of increasing z) and similarly 
for B~ . In addition one can construct a foliation of B(o, 1) \ B(o(C),R(C)) by round 
spheres {S 1 }. We have thus a foliation of B(o, 1) \ D(C) by strictly convex surfaces, 
acting as barriers, and preventing the existence of any other minimal disc with boundary 
C inside 5(0,1). 

We prove now item 2. First we prove that there are no stable surfaces in the class 
J^o- This again is true for any value of L chosen in (0, 1). This can be proved as in item 
1 by showing that if there is one then the function z has to be constant on it. Onother 
proof, more independent of the flatness of the ambient space R 3 and therefore best suited 
for extensions is the following. Assume again that there is one such surface. Then note 
that there is a cylinder {p = pg} where p 2 = x 1 + y 2 , enclosing the surface and tangent 
to it at least in one orbit (a circle). Such cylinder has strictly mean convex boundary 
which implies that at the points of tangency the minimal surface must have positive mean 
curvature (in the outgoing direction from the axis) which is absurd. Note that instead of 
cylinders one could have used spheres to reach a similar conclusion. 
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We prove now that for some L appropriately chosen there are no stable surfaces in the 
class J?2. This requires a bit more effort. Recall that the class 5?% consist of axisymmetric 
cylinders with boundary in -B(o, 1). From now on we let S be an stable axisymmetric 
cylinder with boundary in dB(o, 1). If SnB(o,R) ^ and q £ S P\ B(o, R) we will denote 
by [S n B(o,R)]q C - the connected component of S n B(o,R) containing q. Following 
[5] Corollary 2.11 (pg. 79) we have that for any S such that S n B(o, 1/8) ^ and 
q£ SO B(o, 1/8) then 

(34) sup \®\ 2 (p) < 4c 

P e[snB(o,i/2)]o-c 

where c is a universal constant (use in Corollary 2.11 r = 7/8, a = 1/2 and that 
B{o, 1/4) C B(q, r - a)). Let L = mm{l/(4yl6c), 1/4}. Then from (05 we obtain that 
for any S such that Sn% Lq/2) ^ and g€ Sn% L /2) we have 

(35) 16^ sup |6| 2 (p)<4 

pe[sns(o,L )]-- J-0 

Let L be any number < L < Lq/8. From (1331) and Lemma 2.4 (pg. 74) in [5] we obtain 
that, for any surface S such that S n B(o, i) ^ and g € 5 n £> (o, L) we have 

1. Bs(q, Lq/2) is a graph of a function u on a domain of T g 5 C K 3 , where B$(q, Lq/2) 
is the intrinsic ball (in S with the induced metric) and radius Lq/2, and, 

2. the connected component of SPiB(o, Lq/A) containing q, namely [S<lB(o, Lo/4)]^ c -, 
lies inside Bs(l, Lq/2) (this follows easily from (2) in Lemma 2.4 in [5]). 

For any surface S such that S H B(o,L) ^ let % J = [S B(o,L a /4)] c q c and thus ^ 
is a cylinder with boundary equal to two orbits, C\ and C2, in dB(o, Lq/4). Denote 
by H TgS the projection into T g S* C R 3 . Then II^sC^) is an annulus with boundary 
components HT q s(Ci) and Ut^(s)(C2)- Moreover U Tq ^C(q) (C(q) is the orbit passing 
through q) encloses either ILr 9 s(Ci) or Jl T rs){Ci)- Say it encloses IlT q (s)(C'2)- Observe 
also that length(n TgS (C(g))) < length(C(g)) < 2nL (as q £ B(0,L)). Let a be the curve 
in e )f with constant azimuthal angle tp and joining q to C2 and observe that IiT q s{c) is 
a straight segment joining q to Hr ^(Cg). Then because |Vw| < 1 we have length(a) < 
21ength(LlT 9 s(Q!)) < 2L (the last inequality is due to fact that the length of straight 
segment inside an ellipse with perimeter less than 27rL has length less than L). But on 
the other hand q £ B(o,L) and ^ C 3B{o,Lq/A) and therefore length(a) > Lq/A — L. 
We conclude that there are no stable minimal surfaces S in the family S^i intersecting 
B(o, L) if L < Lo/20. □ 

The proof of Proposition [2] is done in the same way as in Proposition Q] and will not 
be included here. Let us prove now Corollary |3l 

Proof of Corollary & In several parts of the proof we will use the "quotient picture" as 
explained in Section [3.31 
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Item 1. By homogeneous regularity there is £i(poi fJ-a, /ii) such that for any < e < ei, 
the set 

(dT(9E,e))\c>£, 

is smooth and strictly convex with mean curvature greater or equal than po/2. Thus these 
surfaces act as barriers preventing the the existence of minimal surfaces S at a distance 
less than t\ from <9£. 

Item 2. By homogeneous regularity there is £4(/?0) p,$, p\) > such that for any 
< e < £4 the surface 

(0r({7>},e))n(£\T(0E,ei)) 

is smooth (with boundary) and of mean curvature greater or equal than one (in the 
outgoing direction from the axes {V}). Note that as e — > the mean curvature goes to 
infinity (~ 1/e). In particular, because these surfaces act as barriers there are no minimal 
surfaces lying entirely inside 

T({P},e4)n(E\T(9E,e 1 )) 

We will work now in the quotient and follow the notation of Section [331 By homogeneous 
regularity again, there is R(po 7 £i,€4) > such that for any p in £ \ n(T({7 : '}, £4) U 
T(<9£, ei)) we have 

B 3 (p,R)c (s\n(r({n|)ur(9s,|))) 

and moreover the metric -j^g in 

B^ § {p,l) = B=(p,R) 

is sufficiently close in C 2 to the flat metric in IR 2 that every -^-(/-geodesic (or, the same, 
every g-geodesic) passing through p reaches the boundary of B 1 =(p, 1) and therefore has 
-^■5-length greater than 1 (or, the same, the g-length is greater or equal than R). Now, for 
every axisymmetric minimal surface S, n(S') is a g-geodesic and A(S) = length|(n(S')). 
Moreover by what was said before there is always a point p of H(S) in E \ H(T({'P}, £4) U 
T(3E, £1)). It follows that A(S) > R. The item 2 follows by defining A Q := R. 

Item 3. By homogeneous regularity there exists Ri(po, £1, £4) > such that for any 
p € {7>}\T(<9£,£i/2) the metric in 

R i 

is £o-close in C 2 to the flat metric in R 3 where £0 is as in Proposition [5] Then we define 

£2 := LRi 

where L is as in Proposition^ We show now that with this £2 we have all the properties 
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that we desire for item 3. The cylinder (with boundary) 



(dT({V}, e 2 )) n B g (p, R{) = {dT^ g ({V}, L)) n B^ g (p, 1) 

R 1 H 1 

is foliated by [/(l)-orbits (circles) and for every one, one can consider the area minimizing 
disc according to Proposition [5] and with boundary the orbit. This construction can be 
done for every point p in {V} \ T(<9£, ei/2) which gives us the set of all the discs we are 
looking for. Now, let S be a stable and axisymmetric minimal surface embedded in E. If 
S n T{{V}, e 2 ) 7^ then there is p £ {V} such that 

SnB^ g (p,L)^(t) 

But then by Proposition [2] S n Bj^. g (p, L) must be one of the discs we defined before. 

Finally note that if an axisymmetric compact and boundary-less surface intersects the 
axes {P} then it must do twice and the surface must be an sphere. 

Item 3. By standard minimal surfaces estimates jS] the Gaussian curvature K, of any 
disc D as in item 4 and with respect to the induced metric from -bg is uniformly bounded. 



Consider now polar coordinates in D as defined in Section [2731 Then, by Gauss-Bonet we 
have 

2n -^l= f JC(s)l(s)ds 
as J Q 

From this, the estimate \l(s) — 2ns\ < Co(po, fJ*o, Hi)s 2 easily follows. □ 

Proof of Proposition^ Let i be 1 or 2. Let {S m } be a sequence of axisymmetric spheres 
in Denote by fl m the (closed) set enclosed by Sh and S m . Assume that the sequence 
is such that O m C £l m +i and dist(S7f , S m ) ~> °°- Let {5 m } be a positive sequence in such 
a way that (for every m) S m is sufficiently small that we have g-Gaussian coordinates well 
defined inside T(S m , 5 m ) \ fl m . Thus on T(S m , 5 m ) \ Cl m we can write 

g = dr 2 + h m , 

where r(p) — dist(j>, S rn ) > and h m (d r ,—) — h m (—,d r ) — 0. Define fls m = fi m U 
T{S m ,8 m ). On Q,$ m we define the axisymmetric metric g* m 



(36) g* m = 

and where f(r) is the scalar function 



9 on Q r , 

dr 2 +f(r) 2 h rn on T(S m ,8 m )\a r 



f{r) = + + 

where e m is, for every m, small enough to make the boundary {r = 5 m } strictly convex. 
Observe that g* m = g on Q m and that g* n > g on Ug m (because / > 1). 

We define A^ m (p), in the same way as A^(p), as the infimum of the g^-areas of the 
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axisymmetric discs D A/ '(C), C = 11 1 (p), inside £l$ m - 
Claim 1: A^ m (p) is realized by either 

Dl'. The g* m -area of a disc D N (C) = ET 1 ^^)) C Q Sm! or by, 
D2'. The g* m -area of a disc D S (C) = FT 1 ^ 5 ^)) C Cl Sm plus A H . 

The proof of the claim 1 is as follows. Let {Df(C)} = {U" 1 ((3f (p))} be a g^-area 
minimizing sequence of discs in fls m , that is, a sequence for which we have 

lim A g ^(Df)(C)) = limlengthgj/^)) = A% m (p) 

(where as we defined g we define here <jf£, := A* 2 <?^, A* 2 =< £*„,<!;*„ > g * the gj^-norm 
squared of the rotational Killing £^ of the metric g^). On general grounds^) the sequence 
of area minimizing discs converges in measure to a disc with boundary C (the solution 
of the "Plateau's problem") and, possibly, to a finite set of axisymmetric compact and 
non-contractible stable minimal surfaces, which because of the geometry of £ls m must be 
axisymmetric spheres. Thus the limit is either 

PI. A stable minimal disc D N (C) = Tl' 1 {p)) , or, 
P2. A stable minimal disc D S (C) = II -1 (7 s (p)), or, 

P3. A stable minimal disc D^(C) = IT -1 (7^ (p)) plus a set of stable axisymmetric 
minimal spheres = IT~ 1 (7^'' S ), k = 1, . . . , k\, or, 

P4. A stable minimal disc D S (C) = II -1 (7 <s (p)) plus a set of stable axisymmetric min- 
imal spheres = n -1 ^^' 5 ), k = 1, . . . , fc 2 . 

Of course to guarantee the existence of the limit one uses that (£ls m , g^) has one totally 
geodesic boundary (Sjy) and one strictly convex boundary. We show now that the cases 
P2 and P3 cannot occur and that case P3 could occur but when does then it does 
only with fc 2 = 1 and A g ^(Si) = lengthy, ( 7 f ,lS (p)) = Ah. We show this below, which 
completes the proof of the claim 1. 

Case P3 cannot occur for in that case the (constant) sequence of curves {f3 ,J ^ (p) = 
7^(p)} has 

lim lengthy (/3'f (p))) < lim lengthy (pf(p)) 

which is not possible because {fl^ (p)} is by assumption a minimizing sequence. 

We show now that the case P2 cannot occur. Let e > be small enough such that 
the curve j^{p) does not intersects 7=, ({A/ - }, e) where the tubular neighborhood is inside 
f2^. If the sequence {/3j^(p)} converges in measure to 7 {p) then it must be 

lim lengthy ((3f(p) n T{{M], e)) = 

9 Despite it naturalness this does not follow exactly from the well known result in Riemannian geometry 
that a minimizing sequence of curves in a complete boundaryless Riemannian manifold with fixed extreme 
points converges in measure to a geodesic because on one side the manifold £ has boundary and on the 
other hand the metric is singular at the axis {V} (the boundary of £. Although with more work 
a proof can be given along these lines, a rigorous proof follows from the standard results on geometric 
measure theory on area minimizing sequences of discs [9], [8]. 
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But every curve from p to {A^} must intersect the tubular neighborhood in a curve (or a 
set of curves) of total length at least e. This gives a contradiction. 

We finally analyze case P4. First we show that k 2 = 1. Assume by contradiction that 
ki > 2. Then one can consider a sequence of curves {j3'Y(jp)} that would allow us to show 
that the sequence {/3j^(p)} was not minimizing. The sequence {/3'j (p)} is constructed 
as follows. Let {qj} and {q 2 } be sequences of points in 7 5 (p) and 7^ 5 respectively 
converging to points in the south axis {S} (i.e. the (south) end points of the curves 
J^(p) and 7^ ,<S respectively). Then (3'f(p) is defined (starting from p) as y^(p) until 
, then as a curve joining and q 2 going very near the south axis {S} and then as the 
piece of r ) J ^ 1 ' S that starts at q 2 - and end at the north point of it. The curve between 
and q? has to be chosen in such a way that its (^-length goes to zero as j — > oo (note 
that the pre-image of such curve under II becomes a very thin tube joining n _1 (aj) and 
Ii^ 1 {q 2 j) of small g^-area ). With this definition of {f3'j (p)} we have 

lim lengthy (/3'f (p)) = lengthy ( 7 s (p)) + lengthy ( 7 f' S ) < lim lengthy (/3f (p)) 

which is impossible because by assumption {/?j^(p)} was a minimizing sequence. That 
lengthg, (7 X ' 5 ) = A B is a consequence of the fact that one can easily construct a sequence 
of curves {/?' (p)} (following a similar procedure as before) converging in measure to 
7 (P) u 7tf • 

Claim2: For every p G E° and constant B > £/iere is m(B) such that for any m > m(B) 
and g^-stable axisymmetric minimal disc D rn = D^(TH~ l (jp)) = II _1 (7^(p)) or disc 
Z) m = _D^(n _1 (p)) = n~ 1 (7^(p)) 7 inside £ls m and intersecting S m m) we have 

A g (D m n n m(B )) = ^,(An n n m(B )) > b 

The Proof of the claim 2 is as follows. Let m and m{B) with m > m{B) be arbitrary 
and let £> m be a disc as in the hypothesis. By Corollary [3j there is £2 > such that if 
D rn intersects T({V},e 2 ) \ T(S m m)i 1) then it intersects T({T > },e 2 ) n Q m (B) exactly in 
a small disc. Therefore if D m n S m m-\ 7^ then 7„ (p) or 7„(p) (depending on the case) 
remains inside (E* \II(T({7>}, e 2 ))) nn(Q m(B) ) until entering n(T(5 m(B) , 1)) for the first 
time. By the homogeneous regularity of the metric g on S \ n(T({"P},e2) we conclude 
that if m(2?) — > 00 then necessarily lengthy (7^ (p) n II(fi m ( B ))) — > 00. The claim follows 
then from the identity A(n~ 1 ( 7 ^(p)) n n m{B) ) = length | ( 7 ^'(p) n H(Q m{B ))). 

Now, let D*(C), 11(C) = p, be a fixed disc in £». Let B = 2A{D N [C)) and m(B) 
as in the claim (assume that m(B) is big enough that '(C) C fi m (s)). Then for any 
m > m(B) we have 

Af m (p) < A(5^(C)) = I 

It follows from the claim 2 that for any m > m(B) the minimizers D-^(C) (in case Dl') 
or D S (C) (in case D2') realizing A^ m (p), lie in f2 m (s). Therefore for any m > m(B) we 
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have 

As linim^oo A^ m (p) = {%>) we conclude that the minimizers D^(C) (in case Dl') 
or D S (C) (in case D2') realizing A^ m (p) are the minimizers claimed Dl or D2 in the 
statement of the Proposition. The rest of the claim in the Proposition are automatic. □ 
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